We present a number of integral inequalities involving tensor products of continuous fields of bounded linear operators, positive linear maps, and operator means. In particular, the Kantorovich, Grüss, and reverse Hölder-McCarthy integral inequalities are obtained as special cases. Primary 47A63 ; secondary 26D15; 46G10; 47A64; 47A80
Introduction
Integral analogs of certain analytic inequalities in terms of continuous fields of operators and positive linear maps were first established in [] . In this work, we continue developing integral inequalities involving continuous fields of operators related to Kantorovich and Grüss type inequalities.
Recall that the scalar Kantorovich inequality [] is a reverse weighted arithmeticharmonic mean inequality. It says that, for positive real numbers a i and w i such that  < m ≤ a i ≤ M and w i ≥  for all  ≤ i ≤ n, we have The inequality (.) is also called an additive version of the Grüss inequality.
Many matrix versions of Kantorovich inequality were obtained in the literature, e.g. [-] . Denote by M k the algebra of k-by-k complex matrices. The Kantorovich inequality can be regarded as a reverse of the Fiedler inequality (see [] ):
for any positive definite matrix A, here the symbol • stands for the Hadamard product (i.e. the entrywise product). A matrix analog of inequality (.) involving Hadamard products was established as follows.
Several operator extensions of Kantorovich and Grüss inequalities were also investigated, for instance, in [-] and references therein. Kantorovich type inequalities where the product is replaced by an operator mean were discussed in [, ] .
In this paper, we establish various integral inequalities involving tensor products of continuous field of Hilbert space operators and positive linear maps. Our results can be viewed as generalizations of Kantorovich and Grüss inequalities. In particular, we obtain operator versions of Theorem . in which the Hadamard product is replaced by the tensor product. Our results also include reverse Hölder-McCarthy integral inequalities. Moreover, Kantorovich type inequalities involving Kubo-Ando operator means are also investigated. Such integral inequalities include discrete inequalities as special cases. This paper is organized as follows. We set up basic notations and preliminaries on continuous fields of operators and positive linear maps in Section . In Section , we establish certain integral inequalities involving tensor product of continuous fields of operators. These inequalities include inequalities of Kantorovich and Grüss types as special cases, which are presented separately in Section . In Section , after setting up some prerequisites about operator means, we derive certain integral inequalities involving positive linear maps and operator means.
Continuous fields of operators and positive linear maps
In this section, we set up basic notations and provide fundamental facts about continuous fields of operators and positive linear maps. Moreover, we establish the Bochner integrability of certain operator-valued maps which is used in later discussions. Throughout this paper, let H and K be complex separable Hilbert spaces. Let A and B be two unital C * -algebras of bounded linear operators acting on H and K, respectively. From now on, assume that μ is a finite Radon measure on .
Proposition . Let (A t ) t∈ be a bounded continuous field of positive operators in A. Let ( t ) t∈ be a continuous field of positive linear maps from A into B such that the function t → t (I) is Lebesgue integrable. Then t (A t ) dμ(t) is a well-defined positive operator in B.
Proof Recall that a vector-valued function defined on a finite measure space is Bochner integrable if and only if its norm function is Lebesgue integrable (see e.g. [], p.). To show that the map t → t (A t ) is Bochner integrable on with respect to the finite measure μ, it suffices to show its continuity and boundedness. To show that this map is continuous, let x ∈ . Since t → t (I) is continuous at x, there is a neighborhood U of x such that
Since the maps t → A t and t → t (A x ) are continuous at x, there is a neighborhood V of x such that V ⊆ U and
It follows that, for each t ∈ V ,
Since t → t (I) is Lebesgue integrable and t → A t is bounded on , we obtain the boundedness of the family ( t (A t )) t∈ as desired. The resulting integral is a positive operator since each A t is positive and each t preserves positivity.
For each fixed X ∈ B, the map A → A ⊗ X is a bounded linear operator from A to A ⊗ B. It follows that
Moreover, this map preserves positivity when the multiplier is a positive operator.
Operator integral inequalities involving tensor products and positive linear maps
The main result in this section is an integral inequality concerning positive linear maps and tensor products of a continuous field of operators. Then, putting a positive linear map in suitable forms, we obtain many interesting inequalities including reverse Hölder-McCarthy integral inequalities. These results includes discrete inequalities as special cases.
We start with the following lemma.
Lemma . For any positive operators A, B ∈ A such that
and for any positive linear maps  ,  : A → B, we have
Proof Note first that, for all real numbers x, y such that x, y ∈ [m, M], we have
Moreover, the constant bound (m/M) + (M/m) is the minimal possibility.
The previous claim implies that
Thus, we arrive at inequality (.). 
is the best possible constant.
Proof Since A t ≤ M for all t ∈ , the field (A t ) t∈ is bounded. It follows from Proposition . that t (A t ) dμ(t) is a well-defined positive operator. By using property (.) and Fubini's theorem for Bochner integrals (see e.g.
[]), we have
Hence,
dμ(s) dμ(t).
By making use of Lemma . and property (.), we obtain
Therefore, we arrive at the desired inequality (.). The best possibility of the constant K(m, M) follows from the discussion in Lemma .. Proof Set μ to be the counting measure on = {, , . . . , n} in Theorem ..
Note that K(m, M) is

Corollary . Let (A t ) t∈ be a continuous field of positive operators in A such that
Sp(A t ) ⊆ [m, M] ⊆ (, ∞) for each t ∈ . Let (T t ) t∈
be a continuous field of positive operators in B such that the function t → T t is Lebesgue integrable on . Then T t ⊗ A t dμ(t) ⊗ T t ⊗ A - t dμ(t) ≤ K(m, M) T t dμ(t)
 I, (  .  )
A t ⊗ T t dμ(t) ⊗ A - t ⊗ T t dμ(t) ≤ K(m, M) T t dμ(t)
Proof For each t ∈ , consider the positive linear map
Since the map t → T t is continuous, so is the map t → t . Note that
Then t → t (I) is Lebesgue integrable on . Hence, the family ( t ) t∈ satisfies the hypothesis of Theorem . and inequality (.) follows. To prove another inequality, consider Here, {e j } j∈N is an orthonormal basis for H. Equivalently, it was shown in [] that
where U : H → H ⊗ H is the isometry defined by Ue j = e j ⊗ e j for all j ∈ N.
Corollary . Let (A t ) t∈ and (T t ) t∈ be two continuous fields of positive operators in A such that Sp(A t ) ⊆ [m, M] ⊆ (, ∞) for each t ∈ and the function t → T t is Lebesgue integrable on . Then T t • A t dμ(t) ⊗ T t • A - t dμ(t) ≤ K(m, M) T t dμ(t)
Then the map t → t is continuous. By (.), we have
It follows that the function t → t (I) is Lebesgue integrable on . Now, the desired inequality follows from Theorem .. Now, recall the Hölder-McCarthy type inequalities for operators.
Proposition . ([] or [], pp.-) Let A be a positive operator on H and x
∈ H a unit vector. Then . A α x, x ≥ Ax, x α for any α ≥ , . A α x, x ≤ Ax, x α for any α ∈ [, ].
If A is invertible, then A
The next result is a reverse Hölder-McCarthy type integral inequality.
Corollary . Let (A t ) t∈ be a continuous field of positive operators in A such that
For each t ∈ , let u t be a unit vector in H. Assume that μ is a probability measure on . For any λ >  or λ ≤ -, we have
We have t = | u t , u t | =  for each t ∈ . It is easy to see that the field ( t ) t∈ satisfies the hypothesis of Theorem . and thus
A t u t , u t dμ(t) A - t u t , u t dμ(t) ≤ K(m, M).
Since
A t u t , u t dμ(t) ≥ m dμ(t) = m > , we get
The inequality (.) is now done by replacing A t with A -λ t in the above inequality. Note
In finite-dimensional setting, we identify B(C k ) with the matrix algebra M k . In this case, we obtain the following.
Corollary . Let (A t ) t∈ be a continuous field of positive definite matrices in
Let μ be a probability measure on . Then
Proof For each t ∈ , consider the positive linear functional
Then t (I) = k for all t ∈ . From Theorem ., we have
we obtain inequality (.).
Kantorovich and Grüss type integral inequalities
In this section, we extract some interesting consequences of Theorem ., namely, integral inequalities of Kantorovich and Grüss types. The next corollary is an operator extension of Theorem . in which the Hadamard product is replaced by the tensor product. Proof Set W t = B t for each t ∈ in Corollary ..
Corollary . Let (A t ) t∈ be a continuous field of positive operators in A such that
and φ is a weight function, that is, φ integrable with φ dμ = . Then we have the following bound for the weighted integral of f :
The next result is an operator version of additive Grüss inequality.
Corollary . Let (A t ) t∈ be a continuous field of positive operators in A such that
Suppose that μ is a probability measure on . Then
Proof Set W t = A t for each t ∈ in Corollary .. Note that t → A t is Lebesgue integrable on since it is continuous and bounded.
Integral inequalities involving tensor products and operator means
In this section, we establish certain integral inequalities involving continuous fields of operators and operator means. To begin with, recall some prerequisites from Kubo 
upper semi-continuity: for any sequences (A n )
Here, X n ↓ X indicates that (X n ) is a decreasing sequence converging strongly to X. From these axioms, every connection attains the following properties: 
